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phase diagrams are labeled by intensive variables
in QCD: T, Nf quark masses, Nr chemical potentials
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o Chiral Symmetry
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@ QCD inspired models
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o The PNJL model
o The PQM model

0 Beyond mean field

o 1/N. expansion
o RG methods
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separation into sectors of 'light’ and 'heavy’ quarks

Laco = Light + Lheavy

1 a v - Yl
Liight = _ZGuuGa# + q("YMDu —Mg)g;  Lheay = Q(”Y“Du - MQ)Q

light quarks (m,, mg, ms = 0) vector and axial-vector current
left and right handed quark fields J\‘;,a = Jf’a + J;;,a =gv"\.q
1 _
qLr = 5(1 F5)9q Jha =2 Jra=7"1A0
charges

L invariant under U(3). x U(3)r

—if RAa

Q= / d*x q'(x)A.q(x)

qir — € qL,r
conserved Noether currents Q= /d3qu(x)'ys)\aq(x
TECHNISCHE
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spontaneous

'Wigner-Weyl' realisation:
QV[0) = Q4]0) =0
— parity doublets in the hadron spectrum
not observed!
"Nambu-Goldstone’ realisation:

UB)L x UB3)r ~
SU(3)V X SU(3)A X U(l)B X U(l)A

QV[0)y =0; Qal0) #0
SUBB)v x SU(3)a — SUQ3)v
— massless 'Goldstone’ bosons

|7Ta> = Qf\|0>

Chiral Symmetry
Center symmetry

Hyep|ma) = QiHacn|0) = 0

quarks condense into scalar quark-antigark
pairs

(0lgq|0) = (gq) = (o) #0
formal connection:
Ps(x) = (x)7°Aaq(x)
[Q4, Po] = —dabGq
— Q310) #0 — (ga) £0

Goldstone's theorem implies

(044 .|m(p)) = —ibasFrp’e™™
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QCD partition function:

1T s .
2(v.T.n) = [Pla.a A7) exp [— | dr [[atx(cheo - iuq*q)]
0 %
boundary conditions:
Au(t+1/T,X) = Au(,%); q(r+1/T,%) = —q(1,X); Au=(N/2)A,

QCD Lagrangian invariant under local transformations: g(x) = 897 ()a/2

q(x) —fa(x) = g(x)a(x)

A () —A, () = g(x) (Au(x) T g—a) g (x)

boundary conditions put constraints on the allowed gauge transformations
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g(r+1/T,X) = hg(r,X); h € SU(3) constant "twist’ matrix
then

A, (T +1/T,%) = hA,(r,X)h'

since éA,, still has to obey a periodic boundary condition
h=2z1, z=-exp(2min/3), n=1,2,3
for quarks

q(r+1/T,X)=g(r+1/T,X)q(t+1/T,X) = —zg(r,X)q(7,X) = —z %q(7, X)

antiperiodic boundary condition only allows for z =1
the center symmetry disappears

still useful as an approximate symmetry of QCD !
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Chiral Symmetry
Center symmetry

use 'static quarks’ to probe the physics of the gauge fields

infinitely heavy 'test’ quarks are described by a 'Polyakov loop’ (closed Wilson
loop around the periodic T direction)

B
L(X) = T [P exp <i / d7A4(T, )'('))} complex scalar field
0

transforms non-trivially under Z(3)
EL(X) = zL(R)
Polyakov loop expectation value
- 1 a1y (= -
(L) = 5 [PIAILE) exp(-SFu) = expl~BFo(3)

measures the free energy of a static test quark at position X.

o small T color confined — Fg = oo and (L) =0
o high T quarks and gluons deconfined — Fg finite and (L) = Lo # 0

TECHNISCHE
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The NJL model
The PNJL model
The PQM model

Z(3) center symmetry of SU(3). exact for infinitely heavy quarks

SU(3). x SU(3)r exact for massless m,, my, ms

— phase diagram (Pisarski, Wilczek)

3d O(4) scaling N,=2 -
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only chiral symmetry aspects

QCD current-current coupling:

1 a v —
S = [dixd'y SO - E (i S =ai"ta

at large distances (small momenta k < A)
8 — o0

a k ku o — a,®)
01800~ sulGatn 1) ) (- )

05 T T3
K[GeV]

Line = GeJ(x)J(x) —ree G1(@q)° + (@i1579) ...
NJL model (N = 2)

TECHNISCHE
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partition function:

Z(V,T,u)=e /T = Trexp (—ﬂ/‘/d3x (Haw — ,uE]Tq))
with:
Huw = a(—7 - V 4+ mo)g — G[(d9) + (371579)°]
thermodynamic potential (per volume):
Q(T,u):—\/li_r&)%an(V,T,u); Q=e¢—Ts—pun

EoS:
(2,9 12,9 _ 19,9
p=-% S= a7 "——@. e=Ts—p+un; <qq>__6_mo

(static) susceptibilities:

DARMSTADT
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linearization of the Lagrangian:

L=Lo+6L — Qo(T,pn)+ 6T, un)
49 =(qq) +ds; 9o =qq —(qq)

Lo =7g(ip — (mo — 2G (§q)))¥ — G (aq)°
m=mg+%x(m)

grand potential:

Qo(T,u; m) = (m ;Gmo)2 B 12/ ((2173:))3 [Ep + Tln (1 + exp (—E";—”))
+ Tln <1+exp< "“))]
€=
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QCD

QCD inspired models
Beyond mean field
Summary

critical endpoint (CEP)

The NJL model
The PNJL model
The PQM model

second-order phase transition:

200
1st order
crossover
CEP o
150
B
S 100
.
50
0
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H [MeV]

at the CEP chiral and number suscept.

diverge!
Xms Xpp = Xq — OO

universality class: 3D Ising model

Xa~lg—g |5 g=T,p

e =0.78; 2/3 (mean field)

Jochen Wambach

isothermal compressibility:

P 1 <8V> Xq
T=+ | 55 ==
V\oOP /), m

— Xq large system easy to compress

4o IMeV] “0 1 (vev)

Phases of Strongly Interacting Matter
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The NJL model
The PNJL model
The PQM model

physical nat

Ginzburg-Landau functional:

F(T,n,0)=Q(T,p,m) — pn — mo
F(T, o) = /d3 2(010) + bhodin + < (ohn)? +V(a,n):|
V(o,n) = éa + Bon+ £n +-

CEP: AC = B?

35 — XmNTKC, qu%; A=AC-B?

diverge at the CEP (A = 0)

not sufficient: A< C or A> C?
for 4 — 0 mixing vanishes, i.e. B — 0

soft mode is o0 hence A< C

o CEP not liquid-gas transition! %ﬁq ce

DARMSTADT

flat direction: o/n= —B/A=—C/B implications for dynamical universality class!



o spinodal lines:

S

nr op =0 : isothermal
=l av /),

S oP . .
i (W) . =0 : isentropic
” -
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deviation from equilibrium, large fluctuations induced by instabilities
A c D

| .l

03 E E 18 0 02 04 08 08 1 12 14

nglfn ng i)

T[MeV]

o at first-order point (A,D): xq = Xup finite
o at isothermal spinodal point (B,C): x4 diverges and changes sign

OPN _ m 1
ov),  Vixq

0 in the unstable region (B-C): x4 is finite and negative % NVERSITAT
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The NJL model
The PNJL model
The PQM model

small large model dependence in the location of the CEP!
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Polyakov loop variable:

o(x) = Ni (L(x)) — ¢ = %m xp ["‘%}

Lagrangian:
Lena = a(iP(6) — mq)q + Gl(Gq)” + (@irs7q)’] — U9, ¢")
covariant derivative:

P(d) = P — i1aAs(9)

effective potential:

u(s,e7)/ 7 = 2L

*. b *
P o 2 (52 46%) 4 2(om02
with

ba(T) = 20+ 20 () + 22 (B) + 23 ()]
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Polyakov loop variable:

d(x) =

Lagrangian:
Lens = g(ilp() —
covariant derivative:
mo)=9-
effective potential:

u(s,e7)/ 7 = 2L

= —

with s
ba(T) = 30+ a1 () .22 (3) + 25 (%)

To=270MeV [ o\ 1 o/ | a | a5 | bs | bs ‘
|

2.625 | -7.44 | 0.75 | 7.5

6.75 | -1.95

ivaAs(¢)

A (L) — 6 = STreexp

1

0.8

0.6

0.4

0.2

mq)q + Gl(3q)” + (dins79)’] — U(¢,¢")

2 (¢4 07) + 2poy

< with quarks

pure gauge

e
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thermodynamic potential:

)2 3
Qo(T, iy m) = U(¢,97) + % — 2N¢ T/(gﬂl))3

[m (1 £ 3(¢+ ¢t e Ep I Ty (Epmm/T | e—a(sp—m/r) +

In (1 4 3(¢" + peEHI Ty (Epti)/ T e—s(Ep+u)/T)}

4=06T,

’ .,
0.05 #=04T.
7
; L ——
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quarks coupled to (o, 7)-fields and the Polyakov loop

Lagrangian:
_rs L 1 1, . . «
Lrou = GliPG) — 6o+ nsTR)] g+ 5 (u0) + 5 (07 — U(o, 7) — U(6,6")
WAoo 2\?2
U(O‘,ﬂ')—z((f + 7 —v) —co
thermodynamic potential:
Q(T, i m) = U($,¢") + U(o) + Q4

N¢ and p-dependence of Ty 200 Tstorder
T crossover
—_
150 | CEP o
—1/arb
To(Nf, ) = Tre /ovr b(p)
>
[}
2 100t
b(p) = L (11N, — 2N;) — EN;”—Z .
6m T T2 50 |
N o012 |2r1]s 0 @ s
Ty [MeV] [270 [ 240 [ 208 [ 187 [ 178 0 50 100 150 200 250 300 350 DARMSTADT
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quarks coupled to (o, 7)-fields and the Polyakov loop

Lagrangian:
_rs L 1 1, . . «
Lrou = GliPG) — 6o+ nsTR)] g+ 5 (u0) + 5 (07 — U(o, 7) — U(6,6")
WAoo 2\?2
U(O‘,ﬂ')—z((f + 7 —v) —co
thermodynamic potential:
Q(T, i m) = U($,¢") + U(o) + Q4

N¢ and p-dependence of Ty 200 Tstorder
T crossover
150 | ™~ CEP o
—1/arb T~
To(N¢, 1) = Tre /ovr b(p) <
[}
2 100t
b(p) = L (11N, — 2N;) — EN;”—Z .
6m T T2 50 |
N o012 |2r1]s 0 @ s
Ty [MeV] [270 [ 240 [ 208 [ 187 [ 178 0 50 100 150 200 250 300 350 DARMSTADT

u [MeVv]




quarks coupled to (o, 7)-fields and the Polyakov loop

Lagrangian:

Loow = UPS) — G(o + ins7T) g+ 3 (Bu0 ) + 5 (u7) — Ul 7) — U(6,6°)

U(o, @) = % (02 + 7 = v2)2 —co

thermodynamic potential:

Qo(T, i m) = U(¢, ") + U(o) + QF°

N¢ and p-dependence of Ty

To(N¢, 1) = T,-e_l/a"b(“)

1 16
b(p) = — (11N — 2Nf) — —N
(n) = g —( F) = N

Ny o1 ]2 |2+1]3
Ty [MeV] [ 270 [ 240 [ 208 | 187 | 178

w
72

T [MeV]

200
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50 |

0
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quarks coupled to (o, 7)-fields and the Polyakov loop

Lagrangian:

Loow = UPS) — G(o + ins7T) g+ 3 (Bu0 ) + 5 (u7) — Ul 7) — U(6,6°)

U(o, @) = % (02 + 7 = v2)2 —co

thermodynamic potential:

Qo(T, i m) = U(¢, ") + U(o) + QF°

N¢ and p-dependence of Ty
To(Nf, p) = Tre M/ r®)
1 16, u
b(u) = 67r(11N° 2Ny) - N T2

Ny o] 1] 2 |2+1]3
Ty [MeV] [[270 [ 240 [ 208 [ 187 [ 178

plpsg
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quarks coupled to (o, 7)-fields and the Polyakov loop

Lagrangian:
_rs L 1 1, . . «
Leom = G[iP(¢) = G(o + ivsTT)| g+ 5(0u0)" + 5(0,7) = U(o, ) — U(é, ")
WAoo 2\?2
U(O‘,ﬂ')—z((f + 7 —v) —co
thermodynamic potential:

Qo(T, i m) = U(¢, ") + U(o) + QF°

_ 14
N¢ and p-dependence of Ty =100 MV
12 1w =168 MeV
o ——— w=270 MeV

TO(NHIJ) _ Tfe_l/aTb(H)

8

1 16 ,, p? 6

b(u) = 5-(11Ne — 2Ny) — ?Nf’;—g .
2

0

TECHNISCHE
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quarks coupled to (o, 7)-fields and the Polyakov loop

Lagrangian:
Loau = T[D(6) — G(o + sTR)] g+ 5 (040 + 5 (0,7 — U(e,7) — U6, 6")

WAoo 2\ 2
U(O‘,ﬂ')—z((f + 7 —v) —co
thermodynamic potential:
Q(T, i m) = U(¢,6") + U(o) + QF°
Nf and p-dependence of Ty 20

w=0 MeV
1w =168 MeV
—— W=270 MeV

TO(Nf,lJ) _ T,—e_l/a"b(p‘)

N
5 10
N
1 16 ,, P
b(p) = — (11N — 2N¢) — — N —
5
6T T T?
N o2 f2+1]3 %0 50 100 150 200 250 300 350 N che
Ty [MeV] [ 270 [ 240 [ 208 | 187 ] 178 T [MeV] DARMSTADT




PNJL (1 = 0)
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grand potential beyond mean field — mesonic fluctuations:

<, 9.8 .

1/N.-diagrams can be summed to all order ('ring sum’)

d®q T R
5Q:2M:QM; Qu = WEZIn(l—2GI‘IM(qu,q))
Ill.)q

1 —2GMNy(w — in, §)
. 2GNy(w + in, §)

TECHNISCHE
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dw
Qn = (27[_)3/ nB(w)¢M+ (2 )3 A¢
NSR finite
0,6 T T T T
T, =202 MeV T231 MeV
Ao =¢T,u— o st
04t
—— MF+m,6, m /T=0.4
(m) 36,4, 2 2 1 3 A0
A¢ - ?Aq(mvac —-—m )(w2 (—7»2) \2 03F
12 1
(o) 4, 2 2 02}
AP — ;/\q(mvac —m )(w2 7
0,1}
0,0

T 2 I 1
50 100 150 200 250 300 350

TECHNISCHE
T (MeV) UNIVERSITAT
- DARMSTADT



= / ((21«()73/ "B(“)¢M+/ (gﬂ()?s / %o

NSR finite qfl
1.0 : ,
09 |
Ad = ¢T’“ — %o 08 .
0.7
36 1
2T — =N, — M) 2 06 Ta0.4
77 (W =) & o5l “Ref.[25] ]
(o) 12 4. 5 1 a © Mps/Mv=0.65
A\ = AT (mt. — m 04 3 Mps/Mv=0.7
¢ T q( vac )(wz Eiz) 03 © MpsMv=075
T A MpsMv=0.8 ]
02} <4 Mps/Mv=0.85
0.1 Vv Mps/Mv=0.9
T > Mps/Mv=0.95 ]
0.0 Lo 1 ! \
0.0 0.5 1.0 15 2.0 25 3.0 3.5 TECHNISCHE
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scale-dependent effective action:

Tk[d] = ¥Qk(T,u; ?); iiLnO I« =T full quantum agtjon
A

bare action I'k—s00

flow equation: (PTRG) t = In(k/N)

ultraviolet

1 [>d
Oi[g] = —5 | ZC[0:Re(mk) Trexp (—7TP[g] f+4*
2/, T
@raq_ Ok j
I-k [¢] - (5¢6¢ Eo effective action ',

quark-meson model: (® = (0,®); ¢ = o>+ 7)

1T 1 1
Melg] = / dr / &’x glip — G(o + ins77)] ‘H-E(3ua)2+5(6uﬁ)2+Uk(¢2)+MqT q
0
at the cutoff schale A
@) =2 (7 + 7= ) oo @ s



flow of Q:

k* T3 E. 1 E,
atQk( T, M) = m |:E_ﬂ- COth(g) +E_o- COth(g)
2N N¢ g — Mq Eq+ pg
- h h
: {t ( 5T + tan T
E2 =1+ 20 /K o
E2 = 14204 /K +4¢°Q) /K’ /_,¢

E}=1+G¢*/K
Qi = OU/0¢p etc ¢ = (o)

I TECHNISCHE
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mean field:

k* 2NN, E, — E,
T = gy [ (Bt o ) )]

100

60 -

40 -

—

20
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00

WIMeV] 200250
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O(4) ~ SU(2)L x SU(2)r chiral limit

160
——— 2nd order
140 — 1istorder ||
120 O(4) universality class E
100 N
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= 80 B
= tricritical
60 point B
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T, [MeV]

O(4) ~ SU(2). x SU(2)r chiral limit
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finite quark mass

200 ‘ ‘ ‘ : : ‘ ‘
e TCP
= 2nd TCP
150 + CEP
%’
= 100
|_
50

0 L L L L L L
0 50 100 150 200 250 300 350 400
k MeV] @ s
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1.2

0.8

(T-T )T,

0.4 |

-0.6

finite quark mass

o IViean I'=ield '
— RG
————— 1st order

\

\ N
\ \\
| N

-08 06 -04 -02 0 02 04 0.6
(w-ue)/ue

e

TECHNISCHE
UNIVERSITAT
DARMSTADT



200

180
160 1
140 +
120 ¢
100 ¢
80 r
60
40
20 1

T [MeV]

isentropes

1st order
crossover”

50 100 150 200 250 300 350
H [MeV]

e

TECHNISCHE
UNIVERSITAT
DARMSTADT



isoentropes

200 : — — ‘
sentropi¢ trajectory ———
1st order
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o symmetries of QCD and the phase diagram

o chiral symmetry
o center symmetry

o phase diagram in QCD inspired models

o location of the CEP
o fluctuation properties at mean field

o beyond mean field

o 1/N. contributions to EoS (confined phase!)
o size of the critical region is small
o second CEP (liquid gas-transition?)
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